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SUMMARY

We recently proposed (J. Comput. Phys. 2005; 207(1):52-68) a new paradigm for solving the steady-state
two-dimensional (2D) Navier—Stokes (N-S) equations using a streamfunction—velocity (y—v) formulation.
This formulation was shown to avoid the difficulties associated with the traditional formulations (primitive
variables and streamfunction-vorticity formulations). The new formulation was found to be second-order
accurate and was found to yield accurate solutions of a number of fluid flow problems.

In this paper, we extend the ideas and propose a second-order implicit, unconditionally stable y—v
formulation for the unsteady incompressible N—S equations. The method is used to solve several 2D time-
dependent fluid flow problems, including the flow decayed by viscosity problem with analytical solution,
the lid-driven square cavity problem, the backward-facing step problem and the flow past a square prism
problem. For the problems with known exact solutions, our coarse grid transient solutions are extremely
close to the analytical ones even for high Reynolds numbers (Re). For the driven cavity problem, our
time-marching steady-state solutions up to Re =7500 provide excellent matches with established numerical
results, and for Re=10000, our study concludes that the asymptotic stable solution is periodic as has
been found by other authors in recent studies. For the backward step problem, our numerical results are
in excellent agreement with established numerical and experimental results. Finally, for the flow past a
square prism, we have very successfully simulated the von Karman vortex street for Re=200. Copyright
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1. INTRODUCTION

The non-dimensional unsteady two-dimensional (2D) Navier—Stokes equations for incompressible
viscous flows in the primitive variable formulation are given by
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where ¢ is the time, u, v are velocities along the x-and y-directions, respectively, p represents the
pressure and Re is the non-dimensional Reynolds number. The direct solution of this formulation
has traditionally been difficult due to the presence of the pressure term in Equations (2)—(3). An
alternative formulation using streamfunction s and vorticity w has been used for several decades:

1
wt_R_6((Uxx +wyy) + Uwy +vwy) =0 4)

VA =y, +i,, =—o(x,y) (5)

The velocities are defined as
u:lﬁy and v=—y, (6)
and the vorticity is defined by
W=vy—Uy @)

This y—w formulation has been quite successful and has been used by a large number of researchers
over the past several decades to test new methods for the numerical solutions of a variety of fluid
flow problems. The typical difficulty with this formulation is the fact that the vorticity w is not
defined at the no-slip boundaries; w is defined through the Poisson Equation (5) that needs to be
solved on the boundaries so that boundary values of w can be specified for the vorticity transport
Equation (4) when this formulation is utilized. However, the values of w on the boundaries are
generally unspecified and one needs to carry out a variety of numerical approximations in order
to specify these boundary values.

A plethora of numerical schemes exist for solving the N-S equations both in the primitive
variable and in the Y- form [1-13]. An alternative approach of the streamfunction—velocity
(Y—v) formulation was recently proposed by the authors [14, 15] for the steady-state Navier—Stokes
equations. This formulation is of second-order accuracy and carries streamfunction and velocities
as the variables. The boundary conditions for streamfunction and velocity are generally known
in fluid flow problems, are easy to implement computationally, and this formulation has been
found to be very efficient. We have also proposed a spatially fourth-order accurate variant of this
scheme in [15]. It may be noted that while dealing with the y—v formulation of the N-S equations,
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Y-V APPROACH FOR TRANSIENT NAVIER-STOKES EQUATIONS 239

the velocities appearing in the advective terms as well as those coming from the derivatives of
Y become an integral part of the computational procedure in our formulation [14, 15]. Thus the
velocities need not be approximated in our formulation. A similar approach, called the biharmonic
formulation, was also proposed by a number of authors [16—18]. Both of these formulations
remove the pressure p and vorticity w as a part of the computational procedure and this results in
a computationally efficient procedure. We note that our yy—v formulations differ significantly from
the pure-streamfunction approach in that the coefficient matrices resulting from the discretization
of the y-only approach are more complicated than those resulting from our y—v formulation.

In the present paper, we continue the new paradigm and apply our methodology to the unsteady
2D N-S equations. The proposed method is implicit, unconditionally stable, and we show that this
formulation is computationally more efficient than most of the existing schemes for solving the
time-dependent incompressible N-S equations. We have used the new formulation to solve five
time-dependent fluid flow problems: (i) the transient flow decayed by viscosity; (ii) the problem
with a non-homogeneous source term; (iii) the famous lid-driven cavity problem; (iv) the backward-
facing step problem and (v) the motion past a square prism problem. The first two problems have
known analytical solutions and detailed comparisons of errors are possible in those cases.

The robustness of our method is apparent when we apply it to the lid-driven cavity and the
backward-facing step problems. In the case of the lid-driven cavity problem, our method is able
to very accurately capture the almost periodic nature of the asymptotic solution for Re=10000.
The power of our scheme is better realized when the severe test case of flow past a square prism
is computed and the famous von Karman street is simulated very successfully.

It is a well-known fact that the y—w formulation, despite being a very popular approach for
solving the 2D N-S equations, cannot be applied in the 3D case. However, it is possible to compute
flows governed by the 3D N-S equations using the vector form of the y—w formulation [19]. With
the development of the proposed scheme for the biharmonic form of the transient N-S equations,
it will now be possible to extend this approach to compute 3D flows as well. This paper ends with
a brief discussion on that.

This paper is organized into six sections. In Section 2, we describe the derivations of transient
streamfunction—velocity formulations. In Section 3, we perform a linear stability analysis for this
formulation, and discuss the computational considerations in Section 4. We present the detailed
results of our computations in Section 5, and offer a few conclusions in Section 6. As mentioned
in the previous paragraph, we briefly discuss the extension of our scheme to the 3D N-S equations
in the Appendix.

2. MATHEMATICAL FORMULATION AND DISCRETIZATION

In our previous paper [14], we introduced a new paradigm for solving the steady-state Navier—
Stokes equations in the form

VY — Re(wVu—uVv)=f (8)
in a convex domain € with boundary 0Q. (Here, u, v, {y and f are functions of x, y and Re is the
Reynolds number.) This equation can be obtained from the steady-state form of (4) by substituting

the value of w with the help of Equation (5). The second-order compact formulation for (8) on a
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uniform grid of step-length % in both x- and y-directions is given by
Vit j1 =8V ji Wi jo1 =8y 28 =8 i+ i1 =8

2
i1, jr1 =30 i j—1 —ui j41 Vi, j —vie1,j) —0.5Reh™{v; j(uiy1,j +ui-1,;

h
Fup ot tug 1) —ui j Vi1, jFvic1, Yo = Tfi,j C)

This formulation carries the streamfunction i and velocities u, v as variables and uses only
the nearest neighbors in the compact cell (x;+1,yj+1) centered at the grid point (x;, y;). This
formulation has the trunction error of order /2.

The velocities may be computed by the standard second-order formulas:

ui,,j=%(%,1+1 —Vi -1 (10)
1
vi,j:_ﬁ(¢i+l,j_¢i71,j) (11
Fourth-order approximations for velocities are also available [14]:

3 1
”i,jzﬂ(‘pi,j—i-l —'Pi,j—l)—Z(ui,j+1+ui,j—1) (12)

3 1
Ui,jZ_E(lpi-i-l,j_‘pi—l,j)_Z(Ui+1,j+Ui71,j) (13)

Making use of Equation (5), the time-dependent Navier—Stokes Equations (4) may be written as
0
VYY) — Re(vV?u—uV>v)=Re [E(V%p)} (14)

Using forward differences for the time derivative and using Equation (9), an implicit finite
difference approximation for Equation (14) may be written as

2r. . (n+1) (n+1) (n+1) (n+1) (n-H)
0.5Ren?| lpl-‘rl J+lpl 1]+lpt J-‘rl—’_wi,j—l w ]

—05ReR2Y, U AU e g

i—1,j TVij+1 Vi j1
+At[¢l@1,,’—1 _8‘/’1@')—1 +¢§?1,,’—1
-89, J+28¢(”) 8Ui%), j+¢§’i)1 j+1_8¢§nj)+1
+¢§1)1 j+1_3h(ul(nj) 1~ t(nj)+l+vl(i)l j vz(li)l )
—0.5Ren” (v () +ul”) +ul" +ul)_)
=} @ o N as)

This formulation is O (h2, At) accurate. Here, the superscripts (n) and (n-+ 1) represent the values
at the n- and (n+1)th time levels, respectively. A more general formulation is obtained by using
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a weighted time average parameter u such that ¢, = (1 — W™ 4 e D for 0<u<1 as

2py D) g D D) L @D g D)
05Reh™ [y Wiy j Wi otV =45
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—u; ;i (v z+1 J+vl 1,j +vt J+1 l Jj— 1)}] (16)

Varying the values of u provides a class of Navier—Stokes integrators, for example, for u=0.5,
we have Crank—Nicolson type scheme with truncation error of order O (h?, Ar?). We note here that
all of these computational stencils require grid values at nine points at both (n)th and (n+1)th
time levels and as such may be labelled as a (9,9) scheme.

3. LINEARIZED STABILITY ANALYSIS

We perform a von Neumann linear stability analysis by setting the terms not explicitly involving
¥ in Equation (14) to zero. Equation (16) may be written as

[A]"+D —2cu[B1" D =[A]™ —2¢(1— ) [ B]™ (17)

where A= j+i_yj+ VitV jo1 — i, B=28Y,; =8y j Vo j+Vij +
'//t J= l)+(¢z+l Jj— l_sz 1]+1"H//t 1]+1+¢l 1,j— 1) andc:At/(Rehz) (>0). Let ‘p,(';l)zb(n)ehex
el7%  where b™ is the amplitude at time level n, I =+/—1, and 0, (=2nh/A;) and 0, (=2nh/A7)

are the phase angles with wavelengths A; and A, respectively. For stability, the amplification
factor ¢=b"*D /b must satisfy

1€ —1<0 (18)
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(n+1)

Substituting the expressions for lﬁl(;l) and y; i in Equation (17), we get

b("+1)[(emX _{_6710,( _}_elﬁy_}_efley_4)_26,#{28_8(619)5 +e719)( _{_619_‘,_{_671&.)
+(el(9x+0y)+el(0x—9),)+e—l(0x—0),)_i_e—l(f)x—i-()y))}]
=bM[(e! O e 0 4ol ye0 —4) 4 20(1— )28 —8(e! v +e 10 el O e~ 10r)
_’_(el(()x-‘r()y)_’_el(()x—()y)+e—[(()x—0}v)+e—1(0x+0y))}] (19)

pn+D)
= W
__cos 0y +cosy —2—2c(1 —p){14—8cos 0, —8cos 0y +cos(0, +0,)+cos(0, —0y)}
~ cosOy+cos 0y —2—2cuf14—8cos 0, —8cosly+cos(0, +0,)+cos(0, —0y)}

{1+16¢c(1—p)}(cos Oy +cosly)+4c(1—p)coslycosy —{28c(1—pu)—2}
(1+16cu)(cos 0y +cosly) —4cpcos Oy cos Oy — (28cu+2)

_a+b
T a

(20)

where  a=(1+16cp)(cos0,+cos0y)—4cucost,cosy—(28cu+2) and b=—16c(cosl,+
costy)+4ccosl, cosy+28c. As b is always non-negative (with a maximum value 64c and
minimum value 0), for stability, Equation (18) is equivalent to »+2a<<0. We have the strictest
stability criteria when cos0; =cos0,=—1 (as b+42a will have the maximum for those values)
when the stability criteria reduces to

1
1—20)<—
( w Sc

which is always true if ,112%. Thus our scheme is unconditionally stable for %g u<1 and as such,
the O (At?, h?) scheme corresponding to ,u:% given by Equation (16) is unconditionally stable.

4. SOLUTION OF ALGEBRAIC SYSTEMS

We now discuss the solution of algebraic systems associated with the proposed finite difference
approximations. The system of equations resulting from Equation (16) can be written in the matrix
form as

APOFD P @)y kD) G+, (21)

where the coefficient matrix A is an asymmetric sparse matrix. For a grid of size m xn, A has
dimension mn x mn, and WD PO £ w0 v gO+D y0+D) gre vectors with mn components.
Once Equation (21) is solved for discrete values of streamfunction , the velocities u,v can

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2010; 62:237-266
DOI: 10.1002/fid
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be obtained from the fourth-order approximations (12) and (13), or by the second-order central
difference approximations (10) and (11). The velocity Equations (12) and (13) yield tridiagonal
linear systems, which can be solved directly.

We note that Equation (21) contains the (n+ 1)th time level velocities, which are available only
after the streamfunction is available at the (n+ 1)th time level. Here we adopt a local linearization
strategy (called Strategy 1) for which the algorithm is defined as follows:

Initialize ¥+, @D and vOtD (with W, u® | v),
Set YD — gD,

Compute WD using Equation (21).

Compute u®tD and v+ using Equations (12), (13).

If max [P +D —‘I’(()’f; D | < tolerance limit, then stop; else repeat steps 2—5 until convergence.

A e

Another strategy (Strategy 2) is to calculate streamfunction i/ from the first-order time accurate
scheme given in Equation (15), then calculating the (n+1)th time level values of the velocities
u and v, and then using those values in Equation (21). With this strategy, at each time level, a
corrector type of step is introduced that requires larger computational times. Owing to the fact
that steps 2-5 in Strategy 1 have to run until convergence, Strategy 2 may still be computationally
competitive. The fact that the proposed scheme (16) is unconditionally stable for %< u<1 allows
us to use large time steps. For steady-state problems where the steady state is reached through
time marching, this can be very useful and computationally efficient.

The next step now is to solve Equation (21) using iterative methods. As the coefficient matrix
A is generally not diagonally dominant, conventional iterative methods such as Gauss—Seidel are
very slow to converge (or diverge). In order to solve these systems, we use the biconjugate gradient
stabilized method (BiCGStab) [20-23] without preconditioning.

To solve the transient N—S equations using the proposed formulation, we employ an outer—inner
iteration procedure. In a typical outer temporal cycle, we discretize Equation (14) using (16) and
solve the resulting system of algebraic equations by BiCGStab. The BiCGStab constitutes the inner
iteration cycles. Once (16) is solved, # and v are calculated using (12) and (13). This constitutes
one outer iteration cycle. The stopping criteria for the inner iterations are different for different
problems (see Sections 5.1 and 5.3). All of our computations were carried out on a Pentium 4-based
PC with 512 MB RAM.

5. NUMERICAL EXAMPLES

In order to validate the proposed scheme and test its robustness, we apply it to five time-dependent
fluid flow problems. These are (i) the transient flow decayed by viscosity, (ii) the problem with a
non-homogeneous source term, (iii) the famous lid-driven cavity problem, (iv) the backward-facing
step problem and (v) the motion past a square prism problem. The first two problems have known
analytical solutions and detailed comparisons of errors are possible in those cases. Unless otherwise
noted, zero initial data were used in all computations. It is worth mentioning that, since vorticity is
not a part of our solution process, all of the results being presented for vorticity are obtained using
Equation (7) through post-processing; we have used the standard second-order central difference
formula for the derivatives appearing in (7).
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Table I. Problem 1: flow decayed by viscosity. Convergence rate of the numerical scheme with fourth-order
velocity: maximum error comparisons on different grid sizes for u, v, ¥, and @, Re=10000.

Grid 11x11 Rate 21 x21 Rate 41 x41

=1 Uer 6.099 x 10> 4.046 3.691x 10° 4.054 2.221x1077
Ver 4.953x1073 3.906 3.303x 107° 3.975 2.101 x 1077
Yer 3.485x 1070 4.523 1.516 x 1077 4.794 5.465x 1077
er 2.969 x 1072 1.889 8.018x 1073 1.973 2.043x 1073

t=5 Uer 5.886x 107> 4.004 3.668 x 107 3.990 2.309x 1077
Ver 5.975x 107> 3.921 3.942x107° 4.159 2.207x 1077
Ver 3.491x 1076 4.552 1.488 x 1077 5.019 4.588x 1077
Oer 2.968 x 1072 1.889 8.011x 1073 1.973 2.041x1073

PR Y et =T §
2 2
© 7 m0 @ 5 m0

Figure 1. Problem 1: flow decayed by viscosity. Surface and contour plots u-velocity for (Re= 1000,

41 x 41 grid, At=0.01): (a) numerical solution and (b) exact solution at =1, (contour values: a =—0.8,

b=-0.6,c=-04,d=-0.2,e=0, f=0.2, g=0.4, h=0.6, i =0.8) (c) numerical solution and (d) exact
solution at ¢ =500, contour values: (a=—0.3, b=—0.2, c=—-0.1, d=0, e=0.1, f=0.2, g=0.3).

5.1. Problem I: flow decayed by viscosity

We consider the problem of flow decayed by viscosity [1, 3, 13, 16, 24] which is governed by the
2D N-S Equations (1)-(3) in the square 0<x, y<7, and has analytical solutions given by

—2/Re " y(x,y,t)=sinxcosye 2/Re (22)

u(x,y,t)=—cosxsinye
and
Y(x, y,1)=(cosxcosy)e 2/Re (23)

The initial and boundary conditions for u, v and iy can be found from (22) and (23).
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3.146 3.146

1573 |

1.573

(a)

Figure 2. Problem 1: flow decayed by viscosity. Streamline contours at time =35 obtained with Ar=0.1
and grid size 11 x 11 for Re=10000: (a) exact and (b) numerical.

R 0ot = e
8 L AR o0, ‘| o
AN VJ/' ~1e-08 [0
Ay O il
~1.5e-07 )‘/ \!‘%Q%g;‘:l/%"“"i VA -3e-08 X , i‘\\,-,‘«;ﬁ'l”’r
’\ </ ¢ s
%03 %.
(@) D (b) 335

Figure 3. Problem 1: flow decayed by viscosity. Surface plots of -error at time =35 obtained with
At =0.01 and grid size (a) 21 x21 and (b) 41 x41 for Re=10000.

We solved this problem using the algorithm discussed in Section 4 and used second- and fourth-
order formulations for velocities given in Equations (10)-(13). Solutions were computed on grid
sizes ranging from 11 x 11 to 41 x41 with Ar=0.1 and 0.01 for various Reynolds numbers and
the results are presented in Table I and Figures 1-3. In Figures 1(a) and (b), we present the exact
and numerical surface and contour plots of the horizontal velocity u# for Re = 1000 at two different
times =1 and 500 (using Ar=0.01).

In Figure 2, we give the numerical and exact contour plots for streamfunction  at time =5
for Re =10000; these solutions are obtained with a very large time step Ar=0.1 and even larger
space length Ax=Ay=m=/10. It is clear from these figures that the flow decays with viscosity
and also that the numerical and exact plots are almost identical; one can hardly distinguish the
numerical solution profiles from the analytical ones. The solutions obtained with finer grids are
even more accurate, as seen in Table I.

It is worth mentioning that Strikwerda [24] found it difficult to compute solutions at high
Reynolds numbers for more realistic flows, whereas our difference scheme produces remarkably
accurate solutions for Re as high as 10000. This fact is also confirmed by Figure 3 where the
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Table II. Problem 2: problem with non-homogeneous source term. Convergence rates of the numerical
scheme: maximum error comparisons on different grid sizes for u, v, ¥, and .

Grid 17x17 Rate 33x33 Rate 65 x 65

r=0.25 Uer 5.062x 1073 1.987 1.277 %1073 1.921 3.372x107°
Ver 5.054x 1075 1.985 1.276 x 1075 1.912 3.390x 107
Ver 1.568 x 1072 1.989 3.957x 1076 1.918 1.047 x 1076
Oer 2.477x 1072 1.999 6.195x 1073 2.000 1.549 x 1073

t=1.0 Uer 2.364% 1073 2.012 5.863x 107° 2.091 1.376 x 1070
Ver 2.367x 1075 2.006 5.891x10~° 2.064 1.409 x 10~°
Ver 7.470x 107° 2.009 1.856 % 107° 2.081 4.388x 1077
Oer 1.170 x 1072 2.000 2.926x 1073 2.002 7.307x 1074

surface plots of y-errors are shown at time ¢ =5 on two different grid sizes 21 x 21 and 41 x 41 for
which the maximum absolute errors are extremely small, namely, 1.488 x 10~7 and 4.588 x 1072,
The CPU times with a tolerance limit as low as 10~!7 for the BiCGStab inner iterations were only
2.50 and 17.81 s, respectively.

In Table I, we present the maximum absolute errors on three grid sizes for the solutions
computed with the fourth-order approximations for velocities given in Equations (12) and (13).
Here uer, Ver, Y. and e, are the maximum absolute errors for the horizontal velocity u, the vertical
velocity v, the streamfunction y and vorticity w, respectively. We also compute the numerical rates
of convergence computed by the formula

In(error; /error,)
In(hy/h2)

where error; is the maximum error obtained with grid of size h;. We note that the numerical
convergence rates for the velocities are of O(h*) and as expected, O (h?) for the vorticity; this
convergence rate is obtained for all the values of ¢ (see, for example =1 and t =5). The absolute
errors for the streamfunction vary from 107% to 10~°. Of interest is the fact that the numerical
errors for Y converge with the rate O (#°) when the fourth-order velocity approximations are used
in our computations. This rate of convergence is better than expected and may be due to the nature
of the test problem being solved.

5.2. Test problem 2: a problem with non-homogeneous source term

We now consider the non-homogeneous problem in the square 0<x, y<1
0
V4 — WViu—uViv) = E(V%p)ju 166" (x2+y%+4) (24)
which has the analytical solution
lp :efl (x2 +y2)2

The solution of this problem decays rapidly as time advances. As in problem 1, the initial and
boundary conditions were taken from the analytical solution. In Table II, we present maximum
absolute errors for the horizontal and vertical velocities, the streamfunction and the vorticity on
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Figure 4. Comparisons of steady-state (a) horizontal velocity along the vertical centerline
and (b) vertical velocity along the horizontal centerline for the lid-driven square cavity
flow problem from Re=1000 to Re="7500.

three grids computed in conjunction with the fourth-order approximation of velocities given by
Equations (12) and (13). This problem was considered by Ben-Artzi ef al. [16] who presented the
errors in the horizontal velocities for a variety of grids and times ranging from ¢t=0.25 to r=1.
Our data are presented in Table II and it is noted that our errors for horizontal velocities are better
than the errors reported in [16]. Our errors are about one-fourth of the errors reported in [16]
for t=0.25, and about one-tenth of the errors in [16] for r=1. Our errors for all the variables
consistently decay with O (h?) or better rates of convergence as seen in Table II.

5.3. Test problem 3: time evolution of lid-driven square cavity problem

Having demonstrated the solid performance of our formulations on the exact test problems, we next
consider the 2D lid-driven square cavity problem. This problem, over the years, has become the
most frequently used benchmark problem for the assessment of numerical methods [1, 2,4-11, 16],
particularly for the steady-state solution of the incompressible fluid flows governed by the N-S
Equations (1)—(3). This problem is of great scientific interest because it displays almost all of
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(b)

Figure 5. For the lid-driven square cavity flow problem: (a) steady-state streamlines for Re =1000;
(b) steady-state vorticity contours for Re=1000; (c) steady-state streamlines for Re=7500; and
(d) steady-state vorticity contours for Re =7500.

the fluid mechanical phenomena for incompressible viscous flows in the simplest of geometric
settings.

The cavity is defined as the unit square 0<x, y<1 where the fluid motion is generated by the
sliding motion of the top wall of the cavity (y=1) in its own plane from left to right. Boundary
conditions on the top wall are given as u =1, v=0. On all other walls of the cavity the velocities
are zero (1 =v=0). Further, the streamfunction values on all four walls are zero (¥ =0). The
moving wall generates vorticity, which diffuses inside the cavity and this diffusion is the driving
mechanism of the fluid flow. At high Reynolds numbers Re, several secondary and tertiary vortices
begin to appear, whose characteristics depend on the value of Re.

For our time-marching steady-state solutions of this and the next problem, the steady state was
assumed to reach when the maximum -error between two successive outer temporal iteration
steps was smaller than 0.5 x 1012, Computations for the inner BiCGStab iterations were stopped
when the norm of the residual vector ¥ =f— A\ arising out of Equation (21) fell below 0.5 x 10~°.
We utilize an under-relaxation parameter A inside the inner iteration cycles for . For larger values
of Reynolds number, we needed smaller values of A.
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Figure 6. Comparisons of Ghia’s Re=10000 steady state and the present result at t =1361.15
for the lid-driven square cavity flow problem: (a) horizontal velocity along the vertical centerline
and (b) vertical velocity along the horizontal centerline.

Figure 7. For the lid-driven square cavity flow problem, Re=10000, at t =1361.15:
(a) streamlines and (b) vorticity contours.
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Figure 8. Evolution of streamfunction for the lid-driven square cavity flow for Re=10000: t= (a) 5;
(b) 25; (c) 50; (d) 100; (e) 900 and (f) 1600.

To attain convergence for the BiCGStab iterations with Strategy 1, the value of the under-
relaxation parameter 4 had to be set lower than that for Strategy 2. We found that, despite having
to compute  with an implicit formula in the corrector step, Strategy 2 is computationally more
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Figure 9. Computed lid-driven square cavity flow for Re=10000: (a) u-velocity against time and
(b) v-velocity against time at the monitoring point (% }—3)

economical than Strategy 1. For example, the CPU time needed for Re=1000 on a 41 x41 grid
with Strategy 1 was 9.451s versus 8.504 s for Strategy 2, both to complete 400 outer temporal
iterations with Ar=0.025 and a tolerance limit 0.5 x 107°,

In Figure 4, we present comparisons of our steady-state results of the horizontal velocities on
the vertical centerline and the vertical velocities on the horizontal centerline of the square cavity
for Reynolds numbers 1000 to 7500 with the steady-state data from Ghia et al. [7]. In each case,
our velocity profiles obtained on relatively coarser grids match very well with Ghia’s results. We
note that all of our results, both qualitative and quantitative, including the details of the primary,
secondary and tertiary vortices for the above-mentioned Reynolds numbers are very close to the
results from the established References [4—8, 12]. This is also exemplified by the streamfunction
and vorticity contours for Re =1000 and 7500 presented in Figure 5 where we have chosen exactly
the same contour values as in Reference [7]. Our computed results are almost indistinguishable
from the results in [7].

We now consider our numerical results for Re=10000. For this Reynolds number, we ran our
code with zero initial profile on a 161 x 161 grid and also computed these solutions starting with
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Figure 10. Computed lid-driven square cavity flow for Re =10000: (a) phase-space trajectories of u versus v

and (b) power spectrum of u at the monitoring point (1_26’ %)

the steady-state profiles for Re =7500 as the initial data on a 257 x 257 grid. At time ¢ =500, the
minimum and maximum values of iy were —0.1189 and 0.0035, respectively, which are comparable
to the steady-state values of —0.1197 and 0.0034 obtained by Ghia et al. [7]. Our primary vortex
center stands at (0.5117,0.5312) against (0.5117,0.5333) of [7]. We also see in Figure 6 that at
time t=1361.15 on a 161 x 161 grid, our centerline velocity profiles match very well with those
of [7].

In Figure 8, we display the evolution of the solutions for Re=10000 from =35 to t=1600
starting with a zero initial profile for our code. This set of profiles (along with Figure 7) clearly
shows that the steady state is unstable for this value of Reynolds number. Some recent studies
[12,25,26] have concluded that a stable steady-state solution is not possible beyond a critical
Reynolds number Re., which is close to 8000. Our data for Re =10000 support such a conclusion
and lean towards an almost periodic solution. This is illustrated by the time evolution of u- and

v-velocities at the monitoring point (1_26’ %) in Figure 9 and the phase plane of the u-v velocities

at the same point in Figure 10(a) where the periodic nature of the solution is apparent. These
figures are based on our data for Re=10000 computed using 100000 time steps.
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Figure 11. Evolution of streamfunction and the cyclic nature of the flow for one main period
for the lid-driven square cavity flow at Re=10000: t =Typ+a with Tp=1500 and o= (a) O;
(b) 0.469; (c) 0.938; (d) 1.407; (e) 1.876 and (f) 2.345.
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Figure 12. Configuration of the backward-facing step problem.

We also performed a Fourier analysis for the signal of # and v at different locations of the
cavity as done in Reference [12]. Our analysis shows that the stable solution is mainly periodic
with small variations in the amplitude of the time evolution at the monitoring points. One such
plot of the power spectrum for u-velocity is exhibited in Figure 10(b).

Finally, to exhibit the global asymptotic state of the flow for Re =10000, in Figure 11, we present
a sequence of six streamline contours during one main period from time t=Tj to t=Tp+2.345 with
Tp=1500 such that the six plots make one complete cycle. We observe that there are persistent
oscillations in all of the secondary and tertiary vortices, particularly on the top left and bottom
left walls while the secondary and tertiary vortices at the bottom right walls are almost stable; our
observations are consistent in the findings of [12] and [26]. The periodic nature of the solution is
exhibited in a movie created from data for Re=10000 from r=1500 to r=1502.345 computed
using 2340 time steps (see supporting information).

5.4. Test problem 4: the backward-facing step problem

We now consider the flow over the backward-facing step in a channel; this example provides an
excellent test case for the accuracy of our numerical method because the reattachment length is a
function of the Reynolds number. Numerical simulations were carried out for Reynolds numbers
100-800 on grid sizes ranging from 601 x21 to 961 x 33. The problem configuration is shown
in Figure 12. At the inlet, a parabolic velocity profile is usually prescribed [9, 15,27-30] and
the one used here is given by Gartling [29] as u =24y (0.5—y), v=0. The downstream boundary
conditions are prescribed at a distance of 30 step heights so as to allow the flow to be fully
developed. Thus at the outlet du/0x =0, v=0 and 0yy/dx =0. At the stationary walls, u=v=0.
At the outlet boundary (denoted by the index b), we approximate the values of  arising out of
the Neumann boundary condition by the fifth-order backward difference formula (see [31]):

1 oy S
vy = % {48%7—1,,' =36y, j+16yy,_3 ;=3 _4 ;—12h (a)b :| +0(h”)
5J
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Figure 13. Steady-state streamlines for the backward-facing step flow at Re =100, 400, 500, 600 and 800.

Figure 13 shows the steady-state streamline patterns for 100<<Re<<800. One can see a steady
increase in the reattachment length with the increase in Re. The formation of a secondary vortex
at the upper wall can be seen from Re=500 onwards; this was also reported by Sohn [28]. In
Figure 14, we show the horizontal velocity profiles for Re =600 at two locations x =7 and x =15
on 601 x21 and 961 x 33 grids which confirm the grid independence of the computed solutions
for this value of Re.

In Figure 15, we present the streamwise velocity profiles for Re=800 at x =7 and compare
our results with those of Gartling [29] and Keskar and Lyn [32]. It is clear that our solution
profiles show an excellent match with the published results. In Figure 16, we exhibit the velocity
vector plots of the steady-state solutions for 100 Re<<800. These velocity vector plots give a clear
picture of the recirculation zones and the velocity profiles at different streamwise locations, and
also indicate the development of a parabolic profile towards the exit. Note that, in these figures,
we have magnified the spacing in the y-direction four times for a better resolution.
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Figure 15. Comparison of the horizontal velocity profiles for Re =800
at x =7 with the results of [32] and [29].

In Table III, we present lower and upper wall eddy data and compare them with the available
results [15, 29, 30, 32, 33]. Though there are not many quantitative results in the literature for lower
values of Re, there are many published results for Re =800. In each case, the results obtained with
our streamfunction—velocity formulation are very accurate and match the published data very well.
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Figure 16. Steady-state relative vector velocity plots for the backward-facing step
flow at Re=100, 400, 500, 600 and 800.

In Figure 17, we show the time evolution of the streamlines for Re=600. One can see the
development of the main vortices at the step and on the top wall; a secondary vortex appears at
the bottom left corner starting at #=10. After a while (as seen at t =17 and 25), two smaller
vortices begin appearing at the top and bottom walls; these vortices diffuse completely before the
steady state is reached. The main vortex at the top wall splits into two vortices (see the figure at
t =25) and within a short period of time these vortices coalesce into one vortex (see the figure at
t=29). Both of the main vortices grow in size with time. Once the steady state is reached, only
the vortices at the top wall, at the step and the secondary vortex at the bottom left corner (not
visible in the figures) continue to exist (see also Figure 13 for Re=600).

In Figure 18, we exhibit the reattachment length as a function of the Reynolds number, and
compare it with the experimental and computational results of Armaly et al. [27] and the numerical
results of Kim and Moin [9]. As these authors have not provided quantitative data, we scanned
their graphical results in order to produce the cited quantities. As seen in Figure 18, Our results are
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Figure 17. Streamline evolution for the backward-facing step flow at Re =600
at time stations t =10, 17, 25, 29, 45 and 100s.

in excellent agreement with the experimental results of Armaly et al. [27] for 100 Re<<500. The
discrepancy between the numerical and experimental results of [27] for Re>600 may be attributed
to the three-dimensionality effects associated with the latter [9, 29, 35, 36].
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Figure 19. Configuration of the flow past a square cylinder problem.

5.5. Test problem 5: flow past a square prism

As our final test problem, we solved the problem of flow past a square prism. The domain of
the flow is multiply connected and the nature of the flow itself is very complex. The unsteady
behavior of the flow that evolves with time for Reynolds numbers beyond a critical value makes
this problem more challenging and interesting. Thus this problem serves as a suitable test case to
check the robustness and reliability of the proposed numerical scheme.

The problem configuration is similar to the one by Breuer et al. [37] as shown in Figure 19:
it has a cylinder with square cross-section (square prism) with diameter (width) D mounted and
centered inside a plane channel of height H with blockage ratio B= é. The channel length L
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Figure 20. Evolution of streamfunction towards a periodic state for the flow past a square prism problem
at Re=200: (a) t=76; (b) t =262; (c) t=287; (d) r=307; (e) t=330; and (f) t =360.

was fixed at % =50 to reduce the influence of inflow and outflow boundary conditions. An inflow

length of / =% was chosen. At the inlet, a parabolic profile was introduced while at the outlet,

convective boundary conditions given by

o¢ o¢
A nv L = 2
o Teon 7y =0 (25)

was used with ¢ standing for u, v or ¥. Here ucony Was set equal to the maximum u-velocity of
the inlet. No-slip boundary conditions were applied on the surface of the square prism and on both
the upper and lower boundaries.

The main goal of this study was to test the robustness of the proposed scheme rather than to
study the flow past a square prism. To numerically simulate the quantitative and qualitative fluid
flow features, we focus on a chosen Reynolds number value of 200; we note that we are able to
accurately capture the characteristics of the flow using a uniform grid of size 161 x 1001, whereas
other authors [35, 37, 38] had to resort to either parallel computing, dividing the solution domain
into multi-blocks or clustering near the surface of the cylinder on larger computational grids.
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Figure 21. The streamfunction contours depicting the wake behind three successive instants of time over
one vortex shedding period: (a) t=ty; (b) l:lo—l—% and (c) t=t9+T.

In our computations, we used the uniform flow parameters as initial conditions and present the
solution profiles in Figure 20 for various values of 7. As seen in Figure 20, a symmetric flow
was observed at the beginning (Figure 20(a)), but the flow became unstable later on, and finally
the flow lost its symmetry (Figures 20(b)—(e)). Eventually, the flow settled into a periodic nature
(Figure 20(f)). We present the temporal evolution of streamlines and vorticity over one complete
vortex shedding cycle of duration 7 in Figures 21 and 22. The evolution of an impressive von
Karman vortex street, which is a regular feature of the Reynolds number considered here, is clearly
seen in these figures.

From Figure 21, one can see the formation of eddies just behind the square prism; these eddies
are then washed away into the wake region. Two eddies are shed just behind the cylinder within
each period (see also Figures 20(f) and 23(a)). Figures 21(a) and 21(b) are half a vortex shedding
cycle apart, and the middle Figure 21(b) is a mirror image of Figures 21(a) and 21(c). The periodic
nature of the sequence is apparent from Figures 21(a)—(c). The corresponding vorticity contours are
depicted in Figures 22(a)—(c). Several features of the flow, that are not directly obvious from the
streamlines, are revealed by these vorticity contours. The staggered nature of the Karman shedding
is clear from these plots. The crests and troughs of the sinuous waves in the streamlines reflect
the alternatively positive and negative vorticities of the eddies. To depict the activities behind the
wake more clearly, we present a close-up view of the streamlines and the vorticity contours in
Figure 23.
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Figure 22. The vorticity contours depicting the wake behind three successive instants of time over one
vortex shedding period: (a) t=to; (b) t:to+§ and (¢c) r=ty+T.

Figure 23. A close-up view of the flow patterns for the motion past a square prism problem:
(a) streamlines and (b) vorticity contours.
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6. CONCLUSION

In this paper, we present an implicit unconditionally stable streamfunction—velocity formulation for
the unsteady two-dimensional (2D) Navier—Stokes equations. The scheme is second-order accurate,
both temporally and spatially. It is easy to implement and the use of BiCGStab algorithm, for
solving the algebraic systems at each time level, makes the implicit procedure computationally
efficient for capturing the transient solutions. To highlight the different aspects of our scheme, we
used it to compute the transient solutions of two problems where the exact solutions are known;
we also solved the time-dependent 2D lid-driven cavity flow and the backward-facing step flow
problem to obtain their time-marching steady solutions.

The robustness of our scheme is illustrated by its applicability to a wide range of problems
of varying physical complexities, represented by Reynolds numbers ranging from 100-10 000.
Computational efficiency of the present scheme is reflected in very low demand on the CPU time.
The results obtained in all of the test cases are in excellent agreement with the available analytical
as well as experimental and numerical results, which underline the high accuracy of our scheme.

The implicit nature of our scheme is fully exploited in reaching the steady-state results for the
lid-driven cavity and the backward step problems, and also time accurate transient solution for
the viscosity problem where we used time steps as large as 0.1 for many of the computations.
Finally, robustness of the scheme is highlighted when it captures the almost periodic nature of
the asymptotic solutions for Re=10000 in the lid-driven cavity flow, and even more so for the
laminar flow past a square prism with Re =200 where we successfully simulated the von Karmén
street behind the square prism. This clearly indicates that our scheme can accurately capture
incompressible viscous flows on rectangular geometries containing multiply connected regions
as well.

Because of its high computational efficiency, our scheme has a good potential for efficient
application to many more problems and our method is an important addition to the high accuracy
solution procedures for transient incompressible viscous flows. Currently we are working on the
parallel implementation and expansion of the code to curvilinear coordinates and preliminary
indications are that this would be very successful.

APPENDIX A

A.l. Extension of the current scheme to three dimensions

The unsteady N-S equations for incompressible viscous flows in 3D is given by

W @i L vi=—v (A1)
o TR TR

where u is the 3D velocity vector, Re is the Reynolds number given by Re= Lug/v with L being
a characteristic length, uo some characteristic velocity and v the kinematic viscosity.
Taking the curl of both the sides of (A1), we obtain the 3D vorticity equation of the form

oo Lo 1
—+ (- V)o—(0-Vi=—Ve (A2)
ot Re
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with @ =V x i. Introducing the 3D streamfunction vector \s, given by ii =V x s such that @ =
V x (Vx ) =V (V) — V2r=—V2\, Equation (A2) yields

0 1
5<v2\|:>+[<v XU VIVA = (VA V)(V x ) = - V4 (A3)

In Reference [39], Altas et al. have proposed a compact finite difference scheme for numerically

solving the 3D biharmonic equations of the form

Vi(x,y,2)=f(x,y,2) (A4)

Now, each of the three components of (A3) can be put in the form

1

4, 0
EV ¢—at(V H)+f(x,y,2) (A5)

which is exactly of the form (A4) except for the time derivative term. In conjunction with the
existing scheme in Reference [39] and the strategy adopted to develop the current scheme for 2D
transient NS equation in biharmonic form as described in Section 2, a compact finite difference
scheme could be developed for the 3D N-S equations as well. We shall discuss the details of this
scheme in a separate paper in the near future.
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